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ON THE SPECTRAL ν-CONTINUITY
S. SA´NCHEZ-PERALES, S. PALAFOX, AND T. PE´REZ-BECERRA
Abstract. In this paper we study the ν-continuity of the spectrum and
some of its parts. We show that the approximate point spectrum σap
is upper semi-ν-continuous at every Fredholm operator, then we give
sufficient conditions to guarantee the ν-continuity of σap. Also we show
that the restriction of the Weyl spectrum on the class of essentially G1
operators is ν-continuous. Finally, we investigate the ν-continuity of the
spectrum on the class of p-hyponormal operators.
1. Introduction
The spectral continuity is a relevant subject in Banach theory and op-
erator theory. Several authors have studied this topic using different types
of convergence. Regarding norm convergence, Newburgh in [17] was one of
the first to do systematically investigated in general Banach algebras. More
completely results in the case of the algebra B(H) for H a Hilbert space
are given in the series of papers of Conway and Morrel, see [7, 8, 9]. Other
articles on this topic are [5, 10, 11, 12, 18, 21]. Another type of convergence
for the study of spectral continuity is the ν-convergence given by Ahues in
[1]. Also developed by Sa´nchez et al. [19, 20, 22] and Ammar et al. [3, 4].
In this paper we study the ν-continuity of the spectrum function. In
section 2, we review this concept on arbitrary unital Banach algebras. We
show that in an unital abelian Banach algebra the spectrum function is ν-
continuous. In section 3, we study the ν-continuity of the spectrum and the
approximate point spectrum on the algebra B(X), for a Banach space X.
We show that for the particular case of a Hilbert space H, the ν-continuity
of spectrum is equivalent under certain conditions to the usual continuity
of the spectrum. Also, we show that the approximate point spectrum is
upper semi-ν-continuous at every Fredholm operator, then we give sufficient
conditions to guarantee the ν-continuity of this function. In section 4, we
show that the restriction of the Weyl spectrum on the class of essentially
G1 operators is ν-continuous. Finally, we investigate the ν-continuity of the
spectrum on the class of p-hyponormal operators.
The next concepts are part of classical point set topology. Let (En) be a
sequence of arbitrary subsets of C and define the limits inferior and superior
of (En) as follows:
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lim inf En = {λ ∈ C | for every ǫ > 0, there exists N ∈ N such that
B(λ, ǫ) ∩ En 6= ∅ for all n ≥ N}.
lim supEn = {λ ∈ C | for every ǫ > 0, there exists J ⊆ N infinite
such that B(λ, ǫ) ∩ En 6= ∅ for all n ∈ J}.
Remark 1.1. Let (En) be a sequence of non-empty subsets of C. The
following properties are hold:
(a) lim inf En and lim supEn are closed subsets of C.
(b) λ ∈ lim supEn if and only if there exists an increasing sequence of
natural numbers n1 < n2 < n3 < · · · and points λnk ∈ Enk , for all
k ∈ N, such that limλnk = λ.
(c) λ ∈ lim inf En if and only if there exists a sequence {λn} such that
λn ∈ En for all n ∈ N, and limλn = λ.
Proposition 1.2. Let K,E,En be non-empty compact subsets of C such
that En ⊆ K, for all n ∈ N. Then En → E in the Hausdorff metric if and
only if lim supEn ⊆ E and E ⊆ lim inf En.
2. Spectral continuity on complex Banach algebras
Let A be a complex Banach algebra with identity 1A. For x ∈ A the
resolvent of x is defined by ρ(x) = {λ ∈ C : x − λ1A is invertible in A}
and the spectrum of x is given by σ(x) = C \ ρ(x). The spectral radius
r(x) of x is the number r(x) = max{|λ| : λ ∈ σ(x)}. It is well known that
r(x) = lim
n→∞
‖xn‖
1
n = inf
n
‖xn‖
1
n .
A sequence (xn) in A is said to be norm convergent to x (in notation
xn
n
→ x), if ‖xn − x‖ → 0. M. Ahues in [1] introduces a new mode of
convergence on B(X), named ν−convergence. This type of convergence
can be generalized in the same way to complex unital Banach algebras: a
sequence (xn) in A is said to be ν−convergent to x, denoted by xn
ν
→ x,
if (‖xn‖) is bounded, ‖(xn − x)x‖ → 0 and ‖(xn − x)xn‖ → 0. The ν-
convergence is a pseudo-convergence in the sense that it is possible to have
xn
ν
→ x and xn
ν
→ y but x 6= y, see for instance [1, Example 1]. There
is a connection between norm convergence and ν-convergence as follows: if
xn
n
→ x then xn
ν
→ x, also, if xn
ν
→ x and x is right invertible then xn
n
→ x.
A function τ defined on A whose values are non-empty compact sets
in C is said to be continuous (ν-continuous) at x, if τ(xn) → τ(x) with
respect to the Hausdorff metric, for all sequence (xn) in A such that xn
n
→ x
(xn
ν
→ x). It is clear that if τ is ν-continuous at x, then τ is continuous at
x. τ is said to be upper semi-continuous (upper semi-ν-continuous) at x, if
lim sup τ(xn) ⊆ τ(x) for all sequence (xn) in A such that xn
n
→ x (xn
ν
→ x).
Also, τ is said to be lower semi-continuous (lower semi-ν-continuous) at x,
if τ(x) ⊆ lim inf τ(xn) for all (xn) in A such that xn
n
→ x (xn
ν
→ x). From
Proposition 1.2 we have next remark.
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Remark 2.1. Let τ be a function defined on A whose values are non-empty
compact sets in C such that τ(y) ⊆ σ(y) for all y ∈ A. Then
(1) τ is continuous at x ∈ A if and only if τ is upper and lower semi-
continuous at x.
(2) τ is ν-continuous at x ∈ A if and only if τ is upper and lower semi-
ν-continuous at x.
Next theorem is proved in [1, Corollary 2.7].
Theorem 2.2. For each x ∈ A, σ is upper semi-ν-continuous at x.
In the following proposition we will use the notation σB(x) for the spec-
trum of x ∈ B with respect to a given subalgebra B of A. A character on
an abelian Banach algebra B is a non-zero homomorphism ϕ : B → C. The
set of all characters on B is denoted by M(B). It is well known that if B is
an unital abelian Banach algebra then
(1) ϕ(x) ∈ σB(x) for all x ∈ B and ϕ ∈ M(B);
(2) for every λ ∈ σB(x), there exists ϕ ∈ M(B) such that ϕ(x) = λ;
(3) for each ϕ ∈ M(B), ‖ϕ‖ = 1.
A very well known result in spectral continuity is that if the elements of
a sequence (xn) in a Banach algebra A commute with their limit, i.e. if
xn
n
→ x and xnx = xxn, then σ(xn) → σ(x). We generalize this result for
the ν-convergence, as shown in the following proposition.
Proposition 2.3. Let a ∈ A and (an) be a sequence in A such that ana =
aan and anam = aman for all n,m ∈ N. If an
ν
→ a and 0 ∈ acc σ(a), then
σ(an)→ σ(a).
Proof. By Theorem 2.2, σ is upper semi-ν-continuous at a, thus lim supσA(an) ⊆
σA(a). Hence by Proposition 1.2, we only need to prove that σA(a) ⊆
lim inf σA(an).
Consider B0 the subalgebra of A which consists of all linear combinations
of finite products of elements in {an : n ∈ N}∪{a, 1A}. From hypothesis, B0
is commutative. Thus by Zorn’s lemma, there exists B the maximal abelian
subalgebra of A such that B0 ⊆ B. Therefore by [16, Exercise 8, p. 8],
σA(a) = σB(a) and σA(an) = σB(an) for all n ∈ N. Let λ ∈ σA(a) with
λ 6= 0. Then there exists ϕ ∈M(B) such that ϕ(a) = λ. Observe that
‖(ϕ(an)− ϕ(a))ϕ(a)‖ = ‖ϕ((an − a)a)‖ ≤ ‖ϕ‖‖(an − a)a‖ → 0.
Thus ‖(ϕ(an) − ϕ(a))λ‖ → 0 which implies that ϕ(an) → λ. Now, since
ϕ(an) ∈ σB(an)(= σA(an)) for all n ∈ N, it follows from Remark 1.1 that
λ ∈ lim inf σA(an). Consequently, since 0 ∈ acc σA(a),
σA(a) = σA(a) \ {0} ⊆ lim inf σA(an).

An elementary Cauchy domain is a bounded open connected subset of C
whose boundary is the union of a finite number of nonintersecting Jordan
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curves. A finite union of elementary Cauchy domains having disjoint closures
is called a Cauchy domain. LetD be a Cauchy domain, if each curve involved
in the boundary of D is oriented in such a way that points in D lie to the
left as the curve is traced out, then the oriented boundary C of D is called
a Cauchy contour. The interior of the Cauchy contour C is defined as
int(C) = D and the exterior of C is defined by ext(C) = C \ (D ∪ C).
A set Λ ⊆ σ(a) is a spectral set for a if Λ is closed as well as open in σ(a).
We set C(a,Λ) the set of all Cauchy contours C separating Λ from σ(a) \Λ,
i.e. Λ ⊆ int(C) and σ(a) \ Λ ⊆ ext(C). It is clear that if C ∈ C(a,Λ) then
C ⊆ ρ(a). For a spectral set Λ for a and C ∈ C(a,Λ), define
p(a,Λ) = −
1
2πi
∫
C
(a− z)−1dz.
The element p(a,Λ) does not depend on the choice of C ∈ C(a,Λ).
Remark 2.4. Let a ∈ A, Λ a spectral set for a and C ∈ C(a,Λ). If
p = p(a,Λ), then
(1) p2 = p and pa = ap
(2) Λ = ∅ if and only if p(a,Λ) = 0.
Proposition 2.5. Let p, q ∈ A be such that p2 = p. If p 6= 0 and r(p−q) < 1
then q 6= 0.
Proof. Since r(p− q) < 1 it follows that (p− q)− 1A is invertible. Suppose
that q = 0, then p − 1A is invertible. Thus there exists z ∈ A such that
(p − 1A)z = 1A. This implies that p(p − 1A)z = p1A and so (p
2 − p)z = p
i.e. 0 = (p− p)z = p, which is a contradiction. 
Theorem 2.6. [1, Proposition 2.9] Let a ∈ A, Λ be a spectral set for a,
C ∈ C(a,Λ) and (an) be a sequence in A such that an
ν
→ a. Then
(1) There exists n0 ∈ N such that for every n ≥ n0, C lies in ρ(an).
(2) If Λn := σ(an)∩int(C) for all n ≥ n0, then Λn is a spectral set for an
and C ∈ C(an,Λn). Further, if 0 ∈ ext(C) then p(an,Λn)
ν
→ p(a,Λ).
Next lemma is a generalization of [7, Lemma 1.5].
Lemma 2.7. Let a ∈ A and (an) be a sequence in A such that an
ν
→ a.
If U is an open set for which 0 6∈ U and U contains a component of σ(a),
then there exits n0 ∈ N such that U contains a component of σ(an) for all
n ≥ n0.
Proof. Let Ω be a component of σ(a) and U be an open set of C such that
0 6∈ U and Ω ⊆ U . Since Ω ∩ [σ(a) \ U ] = ∅, σ(a) \ U is closed and σ(a)
is compact, it follows that there exists Λ 6= ∅ open and closed set in σ(a)
such that Ω ⊆ Λ and Λ∩ [σ(a) \U ] = ∅. This implies that Λ ⊆ U . From [1,
Theorem 1.21], there exists a Cauchy domain D such that
Λ ⊂ D and D ⊂ U ∩ [C \ (σ(a) \ Λ)]. (2.1)
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Let C be the boundary of D oriented in way that C be a Cauchy contour.
It is clear by (2.1) that C ∈ C(a,Λ). Then from Theorem 2.6, there exits
n1 ∈ N such that for every n ≥ n1, C lies in ρ(an). Further, if Λn :=
σ(an) ∩D for all n ≥ n1 then since 0 6∈ U we have that
[r(p− pn)]
2 ≤ ‖(p− pn)
2‖ ≤ ‖(pn − p)pn‖+ ‖(pn − p)p‖ → 0,
where pn = p(an,Λn) and p = p(a,Λ). Thus there exists n0 ∈ N with
n0 ≥ n1 such that r(p − pn) < 1 for all n ≥ n0. Since Λ 6= ∅ we have from
Remark 2.4 that p 6= 0. Therefore, by Proposition 2.5, pn 6= 0 for all n ≥ n0.
Thus by Remark 2.4, Λn 6= ∅ for all n ≥ n0. This implies, since Λn is both
open and closed in σ(an), that there exists Ωn a component of σ(an) such
that Ωn ⊆ Λn. Observe that Λn ⊆ D ⊆ U . Thus Ωn ⊆ U . Therefore U
contains a component of σ(an) for all n ≥ n0. 
Remark 2.8. From Lemma 2.7 we have that if λ ∈ isoσ(a) with λ 6= 0,
then λ ∈ lim inf σ(an) for all sequence (an) in A such that an
ν
→ a.
3. Spectral continuity on the algebra B(X)
LetX be a Banach space and let B(X) be the algebra of all bounded linear
operators defined on X. For T ∈ B(X), let N(T ) and R(T ) be denote the
null space and the range of the mapping T . Let α(T ) = dimN(T ) and
β(T ) = dimX/R(T ), if these spaces are finite dimensional, otherwise let
α(T ) = ∞ and β(T ) = ∞. If the range R(T ) of T ∈ B(X) is closed and
α(T ) < ∞ then T is said to be an upper semi-Fredholm operator (T ∈
Φ+(X)). Similarly, if β(T ) <∞ then T is said to be a lower semi-Fredholm
operator (T ∈ Φ−(X)). If T ∈ Φ−(X) ∪ Φ+(X) then T is called a semi-
Fredholm operator (T ∈ Φ±(X)) and for T ∈ Φ−(X) ∩ Φ+(X) we say that
T is a Fredholm operator (T ∈ Φ(X)). For T ∈ Φ±(X), the index of T
is defined by i(T ) = α(T ) − β(T ). It is well known that the index is a
continuous function on the set of semi-Fredholm operators. This property
also holds for the ν-convergence in the following sense:
Theorem 3.1. [19, Theorem 3.4] Let T ∈ Φ(X) and (Tn) be a sequence in
B(X) such that (Tn − T )T
n
→ 0. If λ, λn are complex numbers such that
λn → λ and
T − λ, Tn − λn ∈ Φ±(X)
for all n ∈ N, then i(Tn − λn)→ i(T − λ).
For T ∈ B(X) and k ∈ N ∪ {−∞,∞}, let ρksf (T ) be denote the set of
λ ∈ C for which T − λ ∈ Φ±(X) and i(T − λ) = k. Put
ρ−sf (T ) = ∪
−∞≤k≤−1
ρksf (T ), ρ
+
sf (T ) = ∪1≤k≤∞
ρksf (T ), ρ
±
sf (T ) = ρ
−
sf (T ) ∪ ρ
+
sf (T ).
All these sets are open and are contained in σ(T ). Let σsf (T ) be denote the
set of all λ ∈ C such that T − λ 6∈ Φ±(X). Let K(X) be denote the set of
all compact linear operators in B(X). If π : B(X) → B(X)/K(X) is the
canonical homomorphism, then the essential spectrum of an operator T ∈
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B(X), σe(T ), is the spectrum of π(T ) in the Calkin algebra B(X)/K(X).
Also, the left essential spectrum σle(T ) (the right essential spectrum σre(T ))
is the left spectrum (right spectrum) of π(T ). We set σlre(T ) = σle(T ) ∩
σre(T ). It is clear that
σsf (T ) ⊆ σlre(T ) (3.1)
but the opposite inclusion is not always satisfied in general Banach spaces.
These classes of sets coincide in the case of Hilbert spaces.
The approximate point spectrum, the surjective spectrum, the point spec-
trum, the Weyl spectrum and the set Riesz points of T ∈ B(X) are de-
fined by σap(T ) = {λ ∈ C : T − λ is not bounded below}, σs(T ) = {λ ∈
C : T − λ is not surjective}, σp(T ) = {λ ∈ C : λ is an eigenvalue of
T}, σw(T ) = {λ ∈ C : T − λ is not a Fredholm operator of index zero}
and π0(T ) = {λ ∈ C : λ is an isolated eigenvalue of T of finite algebraic
multiplicity}.
Remark 3.2. Let T ∈ B(X) and (Tn) be a sequence in B(X) such that
Tn
ν
→ T . The following inclusions are hold:
(1) π0(T ) ⊆ lim inf π0(Tn). See, [1, Corollary 2.13].
(2) ∆ ⊆ lim inf σ(Tn), where ∆ =
{
λ ∈ σ(T ) \ (ρ±sf (T ) ∪ {0}) : for every
ǫ > 0, the ball B(λ, ǫ) contains a component of σsf (T )∪π0(T )
}
and
T satisfies Browder’s theorem. Really, take λ ∈ ∆ then λ ∈ σ(T ) \
ρ±sf (T ) and λ 6= 0, so there exists r > 0 such that B(λ, r)∩ρ
±
sf(T ) = ∅
and 0 6∈ B(λ, r). Let ǫ > 0 with ǫ < r, since λ ∈ ∆, the ball B(λ, ǫ)
contains a component Ω of σsf (T ) ∪ π0(T ). By [21, Lemma 3.6],
Ω is a component of σ(T ). Therefore by Lemma 2.7, there exists
n0 ∈ N such that B(λ, ǫ) contains a component Ωn of σ(Tn) for all
n ≥ n0. Thus B(λ, ǫ) ∩ σ(Tn) 6= ∅ for all n ≥ n0. This implies that
λ ∈ lim inf σ(Tn).
(3) [isoσ(T )] \ {0} ⊆ lim inf σ(Tn).
Moreover, if T ∈ Φ(X) then
(4) ρ+sf (T ) ⊆ lim inf σa(Tn). See, [19, Theorem 3.6].
(5) ρ−sf (T ) ⊆ lim inf σs(Tn).
(6) ρ±sf (T ) ⊆ lim inf σw(Tn).
(7) Γ ⊆ lim inf σsf (Tn), where Γ =
{
λ ∈ σ(T ) : for every ǫ > 0, there
exist points µ1, µ2 ∈ B(λ, ǫ) such that T − µ1, T − µ2 ∈ Φ±(X) and
i(T−µ1) 6= i(T−µ2)
}
. This result was established in [8, Proposition
2.1] for the norm convergence. The proof for the ν-convergence is in
a similar way.
Theorem 3.3. Let T ∈ Φ(X) be such that 0 ∈ accσ(T ). If for each λ ∈
σ(T ) \ ρ±sf (T ) and ǫ > 0, the ball B(λ, ǫ) contains a component of σsf (T ) ∪
π0(T ), then σ is ν-continuous at T .
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Proof. First observe that σ(T ) \ σw(T ) = π0(T ) ∪ int[σ(T ) \ σw(T )], see
for example [18, Proposition 2.1]. By hypothesis we have that int[σ(T ) \
σw(T )] = ∅, thus T satisfies Browder’s theorem.
From Remark 2.1 and Theorem 2.2 it is sufficient to prove that σ is
lower semi-ν-continuous at T . Let (Tn) be a sequence in B(X) such that
Tn
ν
→ T . By Remark 3.2 (6), ρ±sf (T ) ⊆ lim inf σ(Tn). Now, from hypothesis,
σ(T ) \ (ρ±sf (T ) ∪ {0}) ⊆ ∆, therefore by Remark 3.2 (2), σ(T ) \ (ρ
±
sf (T ) ∪
{0}) ⊆ lim inf σ(Tn). Consequently, σ(T ) = σ(T ) \ {0} ⊆ lim inf σ(Tn).
Thus σ is lower semi-ν-continuous at T . 
Corollary 3.4. Let H be a Hilbert space and T ∈ Φ(H) be such that 0 ∈
accσ(T ). Then, σ is continuous at T if and only if σ is ν-continuous at T .
Proof. It is clear that the ν-continuity of σ at T implies the continuity of
σ at T . Now, if σ is continuous at T , then by [7, Theorem 3.1], for each
λ ∈ σ(T ) \ ρ±sf (T ) and ǫ > 0, the ball B(λ, ǫ) contains a component of
σsf (T ) ∪ π0(T ). Therefore, by Theorem 3.3, σ is ν-continuous at T . 
Theorem 3.5. Let T ∈ Φ(X). If (Tn) is a sequence in B(X) such that
Tn
ν
→ T then
[lim supσap(Tn)] \ {0} ⊆ σap(T ).
Proof. Let D,E be closed subspaces of X with dimE <∞ such that
X = N(T )⊕D and X = R(T )⊕E. (3.2)
Consider (Tn) a sequence in B(X) which is ν−convergent to T . Let
λ ∈ lim supσap(Tn) with λ 6= 0. By Remark 1.1, there exist an increasing
sequence of natural numbers (nk) and points λnk ∈ σap(Tnk) such that
λnk → λ. Suppose that λ 6∈ σap(T ). Then T −λ ∈ Φ+(X) and α(T −λ) = 0.
By (3.2), R(T |D) = R(T ) and so T |D is bounded below, therefore by [23,
Theorem 5.26], (T − λ)T |D ∈ Φ+(D,X) and α((T − λ)T |D) = 0.
On the other hand, observe that
(Tnk − λnk)T |D = (T − λ)T |D + (Tnk − T )T |D + (λ− λnk)T |D.
From ‖(Tn − T )T‖ → 0 we have that (Tnk − λnk)T |D converges in norm to
(T − λ)T |D. Consequently by [23, Theorem 5.23], there exists k0 ∈ N such
that every k ≥ k0, (Tnk − λnk)T |D ∈ Φ+(D,X) and α((Tnk − λnk)T |D) = 0.
Suppose that for each k ≥ k0,
N(Tnk − λnk) ∩E 6= {0}.
Take vk ∈ N(Tnk − λnk)∩E with ‖vk‖ = 1 for all k ≥ k0. Since dimE <∞
it follows that F := {e ∈ E : ‖e‖ = 1} is a compact set. Therefore we may
assume without loss of generality that there exists v ∈ F such that vk → v.
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Observe that
‖(Tnk − T )Tnk‖ ≥ ‖(Tnk − T )Tnkvk‖
= ‖(Tnk − T )λnkvk‖
= |λnk |‖λnkvk − Tvk‖
for all k ≥ k0, and |λnk |‖λnkvk − Tvk‖ → |λ|‖λv − Tv‖. This implies that
|λ|‖λv − Tv‖ = lim |λnk |‖λnkvk − Tvk‖ ≤ lim ‖(Tnk − T )Tnk‖ = 0,
and so ‖λv − Tv‖ = 0, i.e. Tv = λv. Consequently, λ ∈ σp(T )(⊆ σap(T )),
which is a contradiction. Therefore there exists k′ ≥ k0 such that N(Tnk′ −
λnk′ ) ∩E = {0}. Thus
X = R(T )⊕N(Tnk′ − λnk′ )⊕ E. (3.3)
Then by (3.2) and (3.3),
dimE = dimX/R(T ) = dim[N(Tnk′ − λnk′ )⊕ E]
= dimN(Tnk′ − λnk′ ) + dimE.
Hence dimN(Tnk′ − λnk′ ) = 0 and so N(Tnk′ − λnk′ ) = {0}. From (3.3),
R(Tnk′ − λnk′ ) = (Tnk′ − λnk′ )T (D) + (Tnk′ − λnk′ )(E),
which implies that R(Tnk′ − λnk′ ) is closed. Therefore λnk′ 6∈ σap(Tnk′ ), a
contradiction. Consequently, λ ∈ σap(T ). 
Let φ+(T ) be the set of λ ∈ ρ
+
sf (T ) such that N(T − λ) is complemented
in X and φ−(T ) the set of λ ∈ ρ
−
sf (T ) such that R(T−λ) is complemented in
X. We set φ±(T ) = φ+(T )∪φ−(T ), φ+∞(T ) = {λ ∈ φ+(T ) | i(T−λ) =∞},
φ−∞(T ) = {λ ∈ φ−(T ) | i(T−λ) = −∞} and φ±∞(T ) = φ+∞(T )∪φ−∞(T ).
Al these sets are open and it is clear that
σe(T ) = σlre(T ) ∪ φ±∞(T ). (3.4)
With this equality, [7, Proposition 1.3] can be extended to general Banach
spaces:
Proposition 3.6. If C is a component of σlre(T ) and C ∩ φ±(T ) = ∅ then
C is a component of σe(T ).
Theorem 3.7. If the following conditions hold
i. 0 ∈ accσap(T )
ii. T ∈ Φ(X)
iii. T satisfies Browdwer’s theorem
iv. σp(T ) ∩ φ−(T ) = ∅
v. for every ǫ > 0 and λ ∈ σlre(T ) \ φ±(T ), the ball B(λ, ǫ) contains a
component of σlre(T ),
then σap(Tn)→ σap(T ) for all Tn
ν
→ T .
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Proof. From conditions (i) and (ii) we have by Theorem 3.5 that
lim supσap(Tn) ⊆ σap(T ).
Now, we show that σap(T ) ⊆ lim inf σap(Tn). Take λ ∈ σap(T ) with λ 6= 0.
Suppose that λ ∈ σlre(T )\φ±(T ). Let ǫ > 0, there exists 0 < ǫ1 < ǫ such that
B(λ, ǫ1)∩φ±(T ) = ∅ and 0 6∈ B(λ, ǫ1). By hypothesis (v), B(λ, ǫ1) contains
a component Ω of σlre(T ). Then by Proposition 3.6, Ω is a component of
σe(T ). Since Tn
ν
→ T we have that π(Tn)
ν
→ π(T ) in the Calkin algebra
B(X)/K(X). Thus by Lemma 2.7, there exists n0 ∈ N such that B(λ, ǫ1)
contains a component Ωn of σe(Tn) for all n ≥ n0. Consequently
∅ 6= ∂Ωn ⊆ ∂σe(Tn) ∩B(λ, ǫ) ⊆ σsf (Tn) ∩B(λ, ǫ)
for all n ≥ n0. Therefore λ ∈ lim inf σsf (Tn)(⊆ lim inf σap(Tn)).
If λ 6∈ σlre(T ) \ φ±(T ), then λ ∈ φ±(T ) or i(T − λ) = 0. From condition
(iv), we have that λ 6∈ φ−(T ). Thus from condition (iii), λ ∈ φ+(T )∪π0(T ).
Therefore, by Remark 3.2, λ ∈ lim inf σap(Tn). 
4. On certain class of operators
We say that an operator T ∈ B(H) is essentially G1 if ‖(π(T )− z)
−1‖ =
1
d(z,σe(T ))
for all z 6∈ σe(T ). In [15, Theorem 6] it is shown that the restriction
of the Wey spectrum on the class of essentially G1 operators is continuous.
This is also true for ν-continuity, as the following theorem states.
Theorem 4.1. Let T ∈ Φ(H) be such that 0 6∈ σw(T ) or 0 ∈ accσw(T ).
If (Tn) is a sequence of essentially G1 operators such that Tn
ν
→ T then
σw(Tn)→ σw(T ).
Proof. From [3, Theorem 3.3] we have that lim supσw(Tn) ⊆ σw(T ). We
show that σw(T ) ⊆ lim inf σw(Tn). Let λ ∈ σw(T ) \ {0} and suppose that
λ 6∈ lim inf σw(Tn). Then, there exist ǫ > 0 such that Bǫ(λ) ∩ σw(Tn) = ∅
for infinite number of n’s. Without loss of generality assume that this holds
for all n. This implies that d(λ, σe(Tn)) ≥ d(λ, σw(Tn)) ≥ ǫ > 0. Thus
λ 6∈ σe(Tn), now from the fact that Tn is essentially G1, we have that
‖(π(Tn)− λ)
−1‖ = 1d(λ,σe(Tn)) ≤
1
ǫ . This implies that∥∥∥[(π(Tn)− π(T ))(π(Tn)− λ)−1]2∥∥∥ ≤
≤
1
|λ|
[
‖
(
π(Tn)− π(T )
)
π(Tn)‖‖(π(Tn)− λ)
−1‖‖π(Tn)− π(T )‖
+ ‖
(
π(Tn)− π(T )
)
π(T )‖+ ‖
(
π(Tn)− π(T )
)
π(Tn)‖
]
‖(π(Tn)− λ)
−1‖
≤
1
|λ|
[
‖(T − Tn)Tn‖‖Tn − T‖
1
ǫ
+ ‖(T − Tn)T‖+ ‖(T − Tn)Tn‖
]1
ǫ
. (4.1)
Now, since Tn
ν
→ T , it follows that ‖(Tn − T )T‖ → 0, ‖(Tn − T )Tn‖ → 0
and (‖Tn‖) is bounded. Therefore the expression (4.1) tends to 0. Thus,
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there exists n∗ ∈ N such that∥∥∥[(π(Tn∗)− π(T ))(π(Tn∗)− λ)−1]2∥∥∥ < 1.
Then r
((
π(Tn∗)−π(T )
)
(π(Tn∗)−λ)
−1
)
< 1, which implies that
(
π(Tn∗)−
π(T )
)
(π(Tn∗)− λ)
−1 − 1 is invertible and so
π(T )− λ = (π(Tn∗)− λ)− (π(Tn∗)− π(T ))
= −
[(
π(Tn∗)− π(T )
)
(π(Tn∗)− λ)
−1 − 1
]
(π(Tn∗)− λ)
is invertible. Consequently, λ 6∈ σe(T ), i.e. T − λ is a Fredholm operator.
Finally, since λ 6∈ σw(Tn) for all n ∈ N, it follows by Theorem 3.1 that
i(Tn − λ)→ i(T − λ), and so i(T − λ) = 0, which is a contradiction. 
Theorem 4.2. Let T ∈ Φ(H) be such that satisfies Browder’s theorem. If
0 ∈ accσw(T ) and (Tn) is a sequence of essentially G1 operators such that
Tn
ν
→ T , then σ(Tn)→ σ(T ).
An operator A ∈ B(H) is called p-hyponormal if (A∗A)p − (AA∗)p ≥ 0.
For the case p = 1 the operator A is called hyponormal. It is well known
that the restriction of the spectrum on the class of p-hyponormal operators
is continuous. See, [11] and [14]. In the following theorem we use the
idea of [11] and adapt it for the case of ν-convergence. Note first that if
A ∈ B(H) is a p-hyponormal operator and 0 ∈ σp(A) then 0 ∈ σjp(A) and
so N(A) = N(A∗) which implies that N(A) is invariant for both A and A∗.
Therefore
A =
[
0 0
0 B
]
(4.2)
on N(A) ⊕ N(A)⊥, where B = A|N(A)⊥ and 0 6∈ σp(B). From [24, Lemma
4], B is also p-hyponormal. We claim that 0 6∈ σ(|B|), indeed if 0 ∈
σ(|B|)(= σap(|B|)) then there exists a sequence (xm) of unit vectors such
that |B|xm → 0. This implies that Bxm → 0, thus 0 ∈ σap(B), but since
R(A) is closed i.e. R(B) is closed, it follows that 0 ∈ σp(B), which is a
contradiction.
Theorem 4.3. If Tn, T are operators in B(H) such that
(1) Tn
ν
→ T ,
(2) T ∈ Φ(H) and Tn is p-hyponormal for all n ∈ N,
(3) 0 ∈ σp(Tn) for all n ∈ N, and the sequence (‖|Bn|
−1‖) is bounded,
where the operators |Bn| are as in (4.2),
then σ(Tn)→ σ(T ).
Proof. First observe that ‖TnT − T
2‖ = ‖(Tn − T )T‖ → 0, thus TnT
n
→ T 2,
which implies that TnT ∈ Φ(H) for all n large. Thus we may suppose that
R(Tn) is closed for all n ∈ N. We show that there exist a sequence (Sn) of
hyponormal operators and a sequence (Xn) of invertible operators such that
Sn = XnTnX
−1
n for all n ∈ N, and (‖Xn‖), (‖X
−1
n ‖) are bounded.
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From condition (2), 0 ∈ σp(Tn) for all n ∈ N. Then Tn =
[
0 0
0 Bn
]
on
N(Tn)⊕N(Tn)
⊥, 0 6∈ σp(Bn), Bn is p-hyponormal and 0 6∈ σ(|Bn|). Consider
the polar decomposition Bn = Un|Bn| and define B̂n = |Bn|
1/2Un|Bn|
1/2.
Observe that if x ∈ N(B̂n) then |Bn|
1/2Un|Bn|
1/2x = 0 and soBn|Bn|
−1|Bn|
1/2x =
0 which implies that |Bn|
−1|Bn|
1/2x = 0 because 0 6∈ σp(Bm), hence x = 0.
Thus N(B̂n) = {0} i.e. 0 6∈ σp(B̂n). This implies that 0 6∈ σ(|B̂n|). Let
B̂n have the polar decomposition B̂n = Vn|B̂n|, then by [2, Corollary 3], the
operator B˜n, defined by B˜n = |B̂n|
1/2Vn|B̂n|
1/2, is hyponormal. Define
Xn =
[
1 0
0 |B̂n|
1/2|Bn|
1/2
]
and Sn =
[
0 0
0 B˜n
]
.
Then Sn is hyponormal, Xn is invertible and Sn = XnTnX
−1
n . From condi-
tion (2) we have that (‖X−1n ‖) is bounded. Also it is clear that (‖Xn‖) is
bounded.
We show that σ(T ) ⊆ lim inf σ(Tn). Take λ ∈ σ(T ) \ {0} and suppose
that λ 6∈ lim inf σ(Tn). Then we may assume that there exists ǫ > 0 such
that B(λ, ǫ)∩σ(Tn) = ∅ for all n ∈ N. This implies that Tn−λ is invertible.
In a similar way to proof of Theorem 4.1, we have that∥∥∥[(Tn − T )(Tn − λ)−1]2∥∥∥ ≤ 1
|λ|
[
‖(Tn − T )Tn‖‖(Tn − λ)
−1‖‖Tn − T‖
+ ‖(Tn − T )T‖+ ‖(Tn − T )Tn‖
]
‖(Tn − λ)
−1‖.
(4.3)
Since Tn and Sn are similar, it follows that σ(Tn) = σ(Sn). Therefore,
d(λ, σ(Sn)) ≥ ǫ and Sn − λ is invertible. Note that (Tn − λ)
−1 = X−1n (Sn −
λ)−1Xn. Moreover, since Sn is hyponormal it follows that ‖(Sn − λ)
−1‖ =
1
d(λ,σ(Sn))
≤ 1ǫ . Thus the right term of (4.3) is bounded by
1
|λ|
[
‖(Tn − T )Tn‖
M1M2
ǫ
‖Tn − T‖+ ‖(Tn − T )T‖+ ‖(Tn − T )Tn‖
]M1M2
ǫ
,
(4.4)
where M1,M2 are constants such that ‖Xn‖ ≤M1 and ‖X
−1
n | ≤M2 for all
n ∈ N. Since Tn
ν
→ T it follows that the expresion in (4.4) tends to zero.
Proceeding similarly to the final part of the proof of Theorem 4.1, we obtain
that T − λ is invertible, which is a contradiction. 
Remark 4.4. The conclusion of Theorem 4.3 holds if we replace the hy-
pothesis by the following conditions:
(1) Tn
ν
→ T , T ∗(Tn − T )
n
→ 0 and T ∗n(Tn − T )
n
→ 0;
(2) T ∈ Φ(H) and {0} 6= N(T ) ⊆ N(Tn) for all n ∈ N;
(3) T, Tn are p-hyponormal operators.
Indeed, from condition (1), |Tn|
2 − |T |2 = T ∗nTn − T
∗T = T ∗n(Tn − T ) +
[T ∗(Tn − T )]
∗ n→ 0, thus |Tn|
1/2 n→ |T |1/2. Since 0 ∈ σp(T ), it follows that
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T = 0⊕B on N(T )⊕N(T )⊥ with 0 6∈ σ(|B|). Then there exists α > 0 such
that α‖y‖ ≤ ‖|B|1/2y‖ for all y ∈ N(T )⊥. This implies by condition (2) that
for 0 < ǫ < α, there exists N ∈ N such that for every n ≥ N , (α − ǫ)‖y‖ ≤
‖|Bn|
1/2y‖ for all y ∈ N(Tn)
⊥. Consequently, ‖(|Bn|
1/2)−1‖ ≤ 1α−ǫ for all
n ≥ N .
Berberian shows that for every Hilbert space H, there exists a Hilbert
space K ⊃ H and a faithful ∗−representation T → T ◦ from B(H) to B(K):
(S+T )◦ = S◦+T ◦, (λT )◦ = λT ◦, (ST )◦ = S◦T ◦, (T ∗)◦ = (T ◦)∗, (IH)
◦ = IK
and ‖T ◦‖ = ‖T‖ such that
(1) T ≥ 0 if and only if T ◦ ≥ 0,
(2) σp(T
◦) = σa(T
◦) = σa(T ).
Remark 4.5. Observe that in the previous theorem, σp(Bn) = σap(Bn) due
to R(Tn) is closed. In [11] the authors use the Berberian extension T
◦
n of a
p-hyponormal operator Tn and state that if 0 ∈ σp(T
◦
n), then
σp(Bn) = σap(Bn), (4.5)
where T ◦n = 0 ⊕Bn on N(Tn) ⊕N(Tn)
⊥ and 0 6∈ σp(Bn), without the need
for R(T ◦n) to be closed. This fact was also established in [13], page 586, line
20. The authors claim that
σap(Bλ) = σp(Bλ) (4.6)
for all non-zero λ ∈ σp(A
◦), where A ∈ C(i), and this collection is defined
as the set of all operators T ∈ B(Hi) for which σ(T ) = {0} implies T is
nilpotent and T ◦ satisfies the property:
T ◦ =
[
λ Xλ
0 Bλ
]
on N(T ◦ − λ)⊕N(T ◦ − λ)⊥
at every non-zero λ ∈ σp(T ◦) for some operators Xλ and Bλ such that
λ 6∈ σp(Bλ) and σ(T
◦) = {λ} ∪ σ(Bλ). However, equalities (4.5) and (4.6)
are not necessary hold. We prove only that (4.6) is false. It is clear that
σa(Bλ) \ {λ} = σp(Bλ) and α(Bλ−λ) = 0, but R(Bλ−λ) is not necessarily
closed. Indeed, consider a normal operator A ∈ B(Hi) such that σ(A) =
[0, 1] (for example, the multiplication operator A : L2([0, 1]) → L2([0, 1])
defined by A(f)(x) = xf(x)). Then A ∈ C(i). We show that for every
λ ∈ σp(A
◦), R(Bλ − λ) is not closed. By contradiction, suppose that there
exists λ ∈ σp(A
◦) such that R(Bλ − λ) is closed. Then Bλ − λ is a semi-
Fredholm operator such that α(Bλ − λ) = 0. By [6, Theorem 4.2.1], there
exists ǫ > 0 such that if |γ − λ| < ǫ then Bλ − γ ∈ Φ+(N(A
◦ − λ)⊥) and
α(Bλ−γ) = 0. This implies that R(A
◦−γ) = (λ−γ)N(A◦−λ)⊕R(Bλ−γ)
is closed and α(A◦−γ) = α((λ−γ)I)+α(Bλ−γ) = 0 for all γ ∈ B(λ, ǫ) with
γ 6= λ. Therefore, λ ∈ isoσa(A
◦). On the other hand, since A is a normal
operator it follows that σ(A) = σa(A) = σa(A
◦). Thus, λ ∈ isoσ(A), which
is a contradiction, because σ(A) = [0, 1]. Consequently, the equality (4.6) is
not true. This affects the proof of the main result in the paper [13].
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